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Abstract
We develop a method to obtain the general solution of the Laplace
equation in d-dimension in ultraspherical coordinates.
The coordinates of a point in d-dimensional space are given by the position
vector rd = (xd, xd−1, . . . , x1), |rd| = r. We define the ultraspherical coordinates
by rj = rj(cosθj kˆj + sin θj rˆj−1) = xj kˆj + rj−1, 0 ≤ θj ≤ π, j = 3, · · · , d,
r2 = r2 cosφkˆ1 + r2 sinφkˆ2, 0 ≤ φ ≤ 2π, kˆi · kˆj = δij . The hat symbol over a
bold letter always means a unitary vector.
We want solutions that are finite in the angles and the frontier conditions
are radial only and the domain in the angles are complete, i.e, 0 ≤ φ ≤ 2π and
0 ≤ θj ≤ π, j = 3, · · · , d.
1 The laplacian operator
Before to find the solution of the Laplace equation in ultraspherical coordinates,
we want to find the explicit form of the laplacian operator. Consider the operator
∂2
∂z2
+
1
ρα
∂
∂ρ
(
ρα
∂
∂ρ
)
=
∂2
∂z2
+
∂2
∂ρ2
+
α
ρ
∂
∂ρ
. (1.1)
Applying a coordinate transform z = r cos θ and ρ = r sin θ:
∂
∂ρ
= sin θ
∂
∂r
+
cos θ
r
∂
∂θ
,
∂2
∂z2
+
∂2
∂ρ2
=
1
r
∂
∂r
(
r
∂
∂r
)
+
1
r2
∂2
∂θ2
,
then
∂2
∂z2
+
∂2
∂ρ2
+
α
ρ
∂
∂ρ
=
∂2
∂r2
+ r
∂
∂r
+
1
r2
∂2
∂θ2
+
α
r sin θ
(
sin θ
∂
∂r
+
cos θ
r
∂
∂θ
)
⇒
∂2
∂z2
+
1
ρα
∂
∂ρ
(
ρα
∂
∂ρ
)
=
1
rα+1
∂
∂r
(
rα+1
∂
∂r
)
+
1
r2
1
sinαθ
∂
∂θ
(
sinαθ
∂
∂θ
)
(1.2)
∗email: renan@fisica.ufc.br
1
For d = 2:
∇22 =
∂2
∂x2
+
∂2
∂y2
=
1
ρ
∂
∂ρ
(
ρ
∂
∂ρ
)
+
1
ρ2
∂2
∂φ2
, x = ρ cosφ, y = ρ sinφ. (1.3)
For d = 3:
∇23 =
∂2
∂z2
+∇22 =
∂2
∂z2
+
1
ρ
∂
∂ρ
(
ρ
∂
∂ρ
)
+
1
ρ2
∂2
∂φ2
.
Using (1.2) with α = 1 and z = r cos θ and ρ = r sin θ:
∇23 =
1
r2
∂
∂r
(
r2
∂
∂r
)
+
1
r2 sin θ
∂
∂θ
(
sin θ
∂
∂θ
)
+
1
r2 sin2θ
∂2
∂φ2
=
1
r2
∂
∂r
(
r2
∂
∂r
)
+
1
r2
Lˆ3.
(1.4)
By induction, supposing valid for d− 1:
∇2d−1 =
1
rd−2d−1
∂
∂rd−1
(
rd−2d−1
∂
∂rd−1
)
+
1
r2d−1
Lˆd−1. (1.5)
Using (1.2) with α = d− 2 and xd = r cos θd rd−1 = r sin θd we have
∇2d =
∂2
∂x2d
+∇2d−1 =
∂2
∂x2d
+
1
rd−2d−1
∂
∂rd−1
(
rd−2d−1
∂
∂rd−1
)
+
1
r2d−1
Lˆd−1
=
1
rd−1
∂
∂r
(
rd−1
∂
∂r
)
+
1
r2
Lˆd (1.6)
were
Lˆd =
1
sind−2θd
∂
∂θd
(
sind−2θd
∂
∂θd
)
+
1
sin2θd
Lˆd−1 (1.7)
We see from (1.6) that we can obtain the solution of the Laplace equation if we
known the eigenfunctions of the angular operator Lˆd.
2 The general solution
Let the eigenfunctions of Lˆd given by Ψ(Ω), where Ω is the angles coordinates
Ω = (θd, θd−1, · · · , θ, φ).
LˆdΨβ(Ω) = βΨβ(Ω). (2.1)
Now supposing the solution of the Laplace equation by the separable form
Φβ(r,Ω) = Rβ(r)Ψβ(Ω), we get the radial equation:
1
rd−1
d
dr
(
rd−1
dRβ(r)
dr
)
+
β
r2
Rβ(r) = 0. (2.2)
This is a second order Euler equation whose solution is given by rα, where α is
to be determined. We find
β = −α(α+ d− 2). (2.3)
Then the general solution is the form
Φ(r,Ω) =
∑
α
(A(α)rα +B(α)r−(α+d−2))Ψα(Ω), (2.4)
where LˆdΨα(Ω) = −α(α + d− 2)Ψα(Ω).
2
3 The eigenfunctions of the angular operator
Since we are interested in the general solutions that the frontier conditions
are radial only, the angular part are the same for all type of frontier condition.
Consider first the non-trival solution of (2.4) which is independent of the angles.
Clearly a solution is for α = 0 with A(0) = 0, that is B(0)r−(d−2). To construct
a solution with an angular dependency, we observe that the laplacian operator
is invariant under translation. Making a unitary translation in the xd direction,
we conclude that
1
|rd − kd|d−2 =
1
(1 + r2 − 2r cos θd) d−22
,
is a solution of the Laplace equation for r 6= 1 that goes to zero when r → ∞.
We define the ultraspherical polynomials by
1
(1 + r2 − 2r cos θd) d−22
=
∞∑
l=0
rlPl,d(cos θd), r < 1. (3.1)
Note that for d = 3 the equation above gives the definition of the Legendre
polynomials.
Applying the laplacian operator (1.6) in both sides of (3.1) and taking the
fact that rl are linearly independent for each l we have
LˆdPl,d(cos θd) = −l(l+ d− 2)Pl,d(cos θd). (3.2)
For d = 3 the equation above reduces to the Legendre equation. Note that this
eigenfunctions depend only of the angle θd. This solutions can only be applied
in problems that are independent of the other angles.
To find a general solution for d-dimension, observe that a solution in (d−1)-
dimension is also a solution in d-dimension. Consider first the case d = 3 for
a better understand. Is well known that gm = ρ
meimφ is a solution for d = 2.
Then is also a solution for d = 3. But linear combinations of this solutions can
solve a part of two dimensional problems only (finites for ρ = 0). To find a
tri-dimensional solution let us try
fm =
gm
|r− k3|α , r 6= 1, (3.3)
where α is to be determined by the requirement that fm being a solution of
the Laplace equation. Note that the dependency of tri-dimensional angle in the
denominator and for m = 0 and α = 1 we have a solution of the type (3.1) with
d = 3. Applying the laplacian operator in both side of (3.3) we have
∇23fm = 2~∇3gm · ~∇3
1
|r− k3|α + gm∇
2
3
1
|r− k3|α = 0.
since ~∇3 = ∂∂x3 + ~∇2 and r − k3 = r2 + (x3 − 1)k3, with ρ = r2 = r sin θ,
x3 = r cos θ, we get
~∇3 1|r− k3|α = −α
((x3 − 1)k3 + r2)
|r− k3|α+2 ,
3
~∇3gm = ~∇2gm = m rˆ2
r2
gm,
2~∇3gm · ~∇3 1|r− k3|α = −2αm
gm
|r− k3|α+2 ,
∇23
1
|r− k3|α = −
α(α − 1)
|r− k3|α+2 .
Thus we have
∇23fm = −α(2m+ 1− α)
gm
|r− k3|α+2 = 0. (3.4)
There is a non-trivial solution for α 6= 0 in (3.4), that is α = 2m+ 1. Then
fm =
rm2 e
imφ
|r− k3|2m+1 =
rm sinmθeimφ
(1 + r2 − 2r cos θ) 2m+12
, (3.5)
is a solution of the Laplace equation in d = 3 dimension. To obtain separable
solutions, let us take the m derivatives with respect to x = cos θd in (3.1):
α(m, d)rm
(1 + r2 − 2rx) d+2m−22
=
∞∑
l=0
rl
dmPl,d(x)
dxm
, x = cos θd, (3.6)
where α(m, d) = (d−2)d(d+2) · · · (d+2m−4). Taking d = 3 in (3.6) we obtain
α(m, 3)rm
(1 + r2 − 2rx) 2m+12
=
∞∑
l=0
rl
dmPl,3(x)
dxm
, x = cos θ, r < 1. (3.7)
Substituting (3.7) in (3.5) we conclude that
∞∑
l=0
rl sinmθ
dmPl(x)
dxm
eimφ, x = cos θ, r < 1, Pl = Pl,3 (3.8)
is a solution of the Laplace equation in d = 3. Let us define the associated
Legendre function by
Pml (cos θ) = sin
mθ
dmPl(x)
dxm
, x = cos θ. (3.9)
Note that since Pl(cos θ) are polynomials of degree l, we have that 0 ≤ m ≤ l.
By applying the laplacian operator in the equation (3.8) and taking the
account the linear independence of rl we have
Lˆ3
(
Pml (cos θ)e
imφ
)
= −l(l+ 1)Pml (cos θ)eimφ. (3.10)
Writing Lˆ3 in the explicit form, we have the equation satisfied by the P
m
l (cos θ):
1
sin θ
d
dθ
(
sin θ
dPml
dθ
)
+
(
l(l + 1)− m
2
sin2θ
)
Pml = 0. (3.11)
This is the associated Legendre equation. It is a Sturn-Liouville equation and
this functions Pml are orthogonal in 0 ≤ θ ≤ π with a weight sin θ for a fixed m:∫ pi
0
sin θPml P
m
l′ dθ = 0, l 6= l′. (3.12)
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Since that eimφ are orthogonal in [0, 2π] we have a basis of functions that are
orthogonal in [0, 2π] × [0, π]. We have 2l + 1 linearly indepependent functions
for a given l, since Pml (cos θ)e
−imφ also satisfies (3.10).
In order to obtain the general eigenfunctions of Lˆd, let us suppose by hy-
pothesis that a solution of the Laplace equation in (d − 1)-dimension is given
by
gmd−2···m1 = r
md−2
d−1 Ψmd−2···m1(θd−1 · · · , θ, φ), θ3 = θ, θ2 = φ, (3.13)
where Ψmd−2···m1(θd−1 · · · , θ, φ) is a function of the angles of (d− 1)-dimension
only. For example for d = 3 a solution in 3 − 1 = 2 is the form gm = rm2 eimφ.
Let us try a solution like (3.3):
fmd−2···m1 =
gmd−2···m1
|r− kˆd|α
. (3.14)
By the hypothesis
∇2dgmd−2···m1 = ∇2d−1gmd−2···m1 = 0,
rd−1 · ~∇d−1gmd−2···m1 = md−2gmd−2···m1 ,
∇2dfmd−2···m1 = 0⇒
α(α− 2md−2 − d+ 2)
|r− kˆd|α+2
gmd−2···m1 = 0
For α 6= 0 we have a non-trivial solution with α = 2md−2 + d− 2:
fmd−2···m1 =
r
md−2
d−1 Ψmd−2···m1
|r− kˆd|2md−2+d−2
=
rmd−2 sinmd−2θdΨmd−2···m1
|r− kˆd|2md−2+d−2
(3.15)
Now using (3.6) with m = md−2 we conclude that
∞∑
l=0
rl sinmd−2θd
dmd−2Pl,d(x)
dxmd−2
Ψmd−2···m1(θd−1 · · · , θ, φ), x = cos θd, r < 1,
(3.16)
is a solution of the Laplace equation in d-dimension.
We define like (3.9) the ultraspherical associated Legendre function by
Pml,d(cos θd) = sin
mθd
dmPl,d(x)
dxm
, x = cos θd. (3.17)
Applying recursively for d − 2 until d = 3, we have the form of the angular
function Ψ:
Ψlmd−2···m2m1 = P
md−2
l,d (cos θd)P
md−3
md−2,d−1
(cos θd−1) · · ·Pm1m2 (cos θ)eim1φ,
(3.18)
where 0 ≤ md−2 ≤ l, 0 ≤ md−3 ≤ md−2, · · · 0 ≤ m1 ≤ m2.
Taking the laplacian operator in (3.16) and the linearly independence of rl
we have
LˆdΨlmd−2···m2m1 = −l(l+ d− 2)Ψlmd−2···m2m1 . (3.19)
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To obtain the equation satisfied by the Pml,d(cos θd), we make md−2 = m and
m1 = m2 = · · ·md−3 = 0 and use the explicit form of Lˆd:
1
sind−2θd
d
dθd
(
sind−2θd
dPml,d
dθd
)
+
(
l(l + d− 2)− m(m+ d− 3)
sin2θd
)
Pml,d = 0.
(3.20)
Note that for d = 3 this equation reduces to equation of the associated Legendre
functions. This equation is a Sturn-Liouville type and the Pml,d are orthogonal
with weight sind−2θd in the interval [0, π] for a fixed m:∫ pi
0
sind−2θdP
m
l,d(cos θd)P
m
l′,d(cos θd)dθd = 0, l 6= l′. (3.21)
Now using (3.18) we have the orthogonality for the eigenfunctions Ψlmd−2···m2m1 :∫
Ω
Ψlmd−2···m2m1Ψ
∗
l′m′
d−2
···m′
2
m′
1
dΩ = 0, l 6= l′,md−2 6= m′d−2, · · ·m1 6= m′1,
(3.22)
where dΩ = sind−2θd sin
d−3θd−1 · · · sin θdθddθd−1 · · · dθdφ.
We have a set of mutually orthogonal functions of entire domain of the
angles. The number of this functions for a given l is
Nd(l) =
(d+ 2l − 2)(d+ l − 3)!
(d− 2)!l! . (3.23)
4 The Laplace equation solution with radial fron-
tier condition
Using the results of the previous sections we conclude that the general solution
of the Laplace equation in d-dimension with radial frontier condition and finite
for all value of the angles is
Φ(r,Ω) =
∞∑
l=0
l∑
md−2=0
· · ·
m3∑
m2=0
m2∑
m1=0
Flmd−2···m1(r)Ψlmd−2···m1(Ω) + C.C, (4.1)
where
Flmd−2···m1(r) = Almd−2···m1r
l +Blmd−2···m1r
−(l+d−2), (4.2)
Almd−2···m1 , Blmd−2···m1 are complex constants to be determined by the frontier
conditions and C.C is the complex conjugated.
To write (4.1) in a compact form, let us define the ultraspherical harmonics:
Ylmd−2···m1 = flmd−2···m1Ψlmd−2···m1 , (4.3)
Ylmd−2···−m1 = flmd−2···m1Ψ
∗
lmd−2···m1
, (4.4)
where flmd−2···m1 is a normalization coefficient such that∫
Ω
Ylmd−2···m1Y
∗
l′m′
d−2
···m′
1
dΩ = δll′δmd−2m′d−2 · · · δm2m′2δm1m′1 , (4.5)
and are given by
flmd−2···m1 = N
(d)
lmd−2
N (d−1)md−2md−3 · · ·N (3)m2m1 , (4.6)
6
where N
(d)
nm is the normalization factor of the ultraspherical associated Legendre
function in d-dimension:(
N (d)nm
)2 ∫ pi
0
sind−2θd
(
Pmn,d(cos θd)
)2
dθd = 1, (4.7)
N (d)nm =
√
(2n+ d− 2)
(d− 2)
Ωd−1
Ωd
(d− 3)!(n−m)!
(d+ n+m− 3)! . (4.8)
Now (4.1) can be written as
Φ(r,Ω) =
∞∑
l=0
l∑
md−2=0
· · ·
m3∑
m2=0
m2∑
m1=−m2
Flmd−2···m1(r)Ylmd−2···m1(Ω). (4.9)
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A The volume element in ultraspherical coordi-
nates
We see from the definition of the ultraspherical coordinates that
xj = rj cos θj , rj−1 = rj sin θj , 0 ≤ θj ≤ π, j ≥ 3, (A.1)
x = ρ cosφ, y = ρ sinφ, 0 ≤ φ ≤ 2π, ρ = r2. (A.2)
The volume element in d = 2 is dV2 = dxdy = ρdρdφ. In d = 3 we can write
dV3 = dx3dV2 = ρdx3dρdφ. (A.3)
Now using (A.1) with j = 3, x3 = r3 cos θ3, ρ = r2 = r3 sin θ3 we have that
dx3dρ = r3dr3dθ3. Then
dV3 = (r3 sin θ3)r3dr3dθ3dφ = r
2
3 sin θ3dr3dθ3dφ = r
2
3dr3dΩ3
Now supposing that the volume element in (d− 1)-dimension is
dVd−1 = r
d−2
d−1drd−1dΩd−1, (A.4)
we have
dVd = dxddVd−1 = r
d−2
d−1dxddrd−1dΩd−1. (A.5)
Now using (A.1) with j = d, xd = rd cos θd, rd−1 = rd cos θd, we get dxddrd−1 =
rddrddθd. Hence
dVd = r
d−1
d sin
d−2θddrddθddΩd−1 = r
d−1
d drddΩd, (A.6)
7
where
dΩd = sin
d−2θddθddΩd−1. (A.7)
Using (A.7) recursively, we conclude that
dΩd = sin
d−2θd sin
d−3θd−1 · · · sinθ3dθddθd−1 · · · dθ3dφ. (A.8)
The solid angle Ωd is given by
Ωd =
(∫ pi
0
sind−2θddθd
)
Ωd−1 =
√
π
Γ(d−12 )
Γ(d2 )
Ωd−1 = 2
π
d
2
Γ(d2 )
. (A.9)
B The normalization factor of P nl,d
From the definition of the ultraspherical polynomials we have
1
|r− r′|d−2 =
∞∑
l=0
rl<
rl+d−2>
Pl,d(cos γd), (B.1)
where cos γd = rˆ · rˆ′ = cos θd cos θ′d + sin θd sin θ′d cos γd−1 and r<(r>) is the
smaller (larger) of r and r′. Taking the laplacian in both sides of (B.1) we
obtain
(2− d)Ωdδd(r− r′) =
∞∑
l=0
(
Oˆd(r)
rl<
rl+d−2>
− l(l + d− 2)
r2
rl<
rl+d−2>
)
Pl,d(cos γd),
(B.2)
where δd(r− r′) is the Dirac delta distribution in d-dimension,
δd(r− r′) = δ(r − r
′)
rd−1
δ(θd − θ′d)
sind−2θd
· · · δ(θ3 − θ
′
3)
sin θ3
δ(φ− φ′),
and Oˆd(r) is the radial operator,
Oˆd(r) =
1
rd−1
∂
∂r
(
rd−1
∂
∂r
)
.
Multiplying (B.2) by rd−1 and integrating from r′ − ǫ to r′ − ǫ with ǫ→ 0, we
have
(d− 2)Ωd δ(θd − θ
′
d)
sind−2θd
· · · δ(θ3 − θ
′
3)
sin θ3
δ(φ−φ′) =
∞∑
l=0
(2l+ d− 2)Pl,d(cos γd). (B.3)
Since the ultraspherical harmonics are orthogonal in the domain of all angles
we can write
Pl,d(cos γd) =
l∑
md−2=0
· · ·
m2∑
m1=−m2
Almd−2···m1Ylmd−2···m1(Ωd). (B.4)
Using the orthogonality condition (4.5) and (B.3) with (B.4) we obtain
Almd−2···m1 =
(d− 2)Ωd
2l+ d− 2Y
∗
lmd−2···m1
(Ω′d).
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Thus we obtain the ultraspherical harmonics addition:
Pl,d(cos γd) =
(d− 2)Ωd
2l+ d− 2
l∑
md−2=0
· · ·
m2∑
m1=−m2
Ylmd−2···m1(Ωd)Y
∗
lmd−2···m1
(Ω′d).
(B.5)
We can write the equation above in a useful formula
Pl,d(cos γd) = Kl,d
l∑
md−2=0
(2md−2+d−3)(N (d)lmd−2)2P
md−2
l,d (cos θd)P
md−2
l,d (cos θ
′
d)Pmd−2,d−1(cos γd−1),
(B.6)
where
Kl,d =
Ωd
Ωd−1
(d− 2)
(2l + d− 2)(d− 3) .
Now deriving the equation (B.6) with respect to θ′d n-times with θ
′
d = 0 and
equalling the independent terms we have
N
(d)
ln =
1√
(2n+ d− 3)Kl,dP
′(n)
l,d (1)P
′(n)
n,d−1(1)
, (B.7)
where P
′(n)
l,d (1) and P
′(n)
n,d−1(1) is the n-th derivative of Pl,d(x) and Pn,d−1(x)
with respect to x evaluated in x = 1. This can be obtained from (3.6) with
x = 1:
P
′(n)
l,d =
(d− 2)d(d+ 2) · · · (d+ 2n− 4)(d+ n+ l − 3)!
(l − n)!(d+ 2n− 3)! . (B.8)
Then
P
′(n)
l,d (1)P
′(n)
n,d−1(1) =
(d+ n+ l − 3)!
(d− 4)!(l − n)!(d+ 2n− 3) .
We finally obtain
N
(d)
ln =
√
(2l + d− 2)
(d− 2)
Ωd−1
Ωd
(d− 3)!(l − n)!
(d+ l + n− 3)! (B.9)
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